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ABST RACT

In a previous paper devoted to the numerical  solution of the Stefan

problem , the author  has proposed a numerica l scheme to ~;olve the heat

equation on a variable mesh ; th is  scheme is a gene ra l i z a t i on  of’ the

clw~~ic~ti Crank-Njcolson scheme since it is identica l to the Crank-

Nicolsort scheme in the particular case of a fixed mesh . Numerical

experiments have been performed in one and two space-dimensions, but no

mathematical results had been proved. In the present paper, the sta-

bili ty and convergence of the scheme are established together with an

error estimate.
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~;c Ht -ME N A VAN IAI4LF ME:ili }
~ -N rH~ I l l A l  I . 1 A l  I -N

• P u ,  i t -  - ,,n. -t

I) l~~~FI<~~l I l~ — F ~N

i.• t x t I-t be t h e  :;
~~

a t t  v.ii i~ihi1. and t t h , -  t i m e .  l..’t ~- t t )  ~~i t t  It I b4- lw-

q m v s  t o ut  i nts us t wict ions dt f t  l i t - i  tot t 0. such that I t  I — 
- 

I t  I I t  ~. I 1

L.-t I (x , t I he t qi Ve?il t ujict mu t t 1,~ f t  ned t o t  s~ ( t I < x It  I • I 0 .‘i l  1.-I i i  x

be t - ; t v t - i t  t i u s - t  ion ~I , t  i t i t t i  t t t i  -
~~ 

(0 )  x * s (0)

W.• want t o  ,t l v ,  the t o i l o w i n q  problem.

I i  tilt )trn I P )  Find j funct ion u — u t x  • t ) such that

1 .1 ) Lu — — f. f o r  s
1
(t) x ~ ,; (t). t ~ •

1 . 2 1  u ( x .O) u
0
(x). for s

~
(0)  x s,(O) .

I .  I) u(~~1
(t)) — u ( t ( t ) )  0, for t 0

We w i l l  i- ,sunt ’ t h ~~t the func t ions s
1
(t) and s (t) sat i , ;fy  the two I i i  l o W i n t ~

ty l~ it i t ’: i t ~~

1.4 1 s
2
(t) — s

1
( t )  > i ) , fo r  a l l  t 0

~ (t • I — - . It) I c
0 

t’  — t • for all t and t ( L i I , t h i t z  continuity ) ,

wi th = 1 or 2 , where and are constants.

The nt~ierjcaj scheme

We consider a mesh arranged in the followjnq way. Let i be a space index ,

I , and n C) be a time index. The mesh—points are denoted by P~

where t — o , t~ t’~~
1
, x’~ s~ ( t

ti
) , x? < x~~~1

, ? (f
fl

) (see i s o . 1 ) .
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Figure 1

We want to coelpute a function u.~ which approximates the solution u of problem

(P) at the mesh-points P~ . We wtll denote u~ — uh (P ?) .  According to the method of

Bonnerot and Jame t I l l ,  these values are determined by solving the following problem.

Discrete problem 
~~~

Find iu’~
), 0 i I . n 0, such that

n +l n+l n +l n n n(x~~1 
— x

1 1
)u

1 
— — x~ j~~

”i 
+

1 ri+l n n n+1 1 n+l n n n +l
- — ( m e  — x  ) ( u  + u  ) + — ( x  — x  )(u + u  1 +
2 i+l iii i+l i+1 2 i—i 1—1 i—i i-l

,~ ~~~~ n+i n n nil nil

nil n ~i+l 
— ~i + ~

i+l 
— ~i 

— 
~i — ui l  

— 

U
i 

— U
i_ h I 

—— (t — ~ n ii nil nil n n nil fill- me x~ - S S - X . S - S
iii L &+l i i i—l 1 1—1

= ~ (t~~~
’ - t’~)((x~~~1 - X ? i )f(P?) + - 

fl ) f ( p fl+l
) )  •~

for l ’ i ’ l - l  and n ” 0 ,

0 0 0
1. 7) u . = U ( 5 ) ,  for I ‘ i ~ I — 1 ,

n n
1.8) u

0
.u

1
0, for n ’0.
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i . )  I be ~~
- i ,’ ,- i  s i t  I -n,,i 1 .1) , •,s 1 i, .i w, ’ i - , ) t t - b  i s  t - : t  I II  1 5 1

I I

I ~ t4 , .I~~~~ - t  i. W i  I i - - — ~ trn, t h i t  t l ~~- i t _ i .  I i i . - , .~ u_ t I l~ - ; , - t - I I _ t i  t - . u h  i i ,

i .e .

1 ~ ti — — h~ is I t ’’ l — i t  ) ) 1 , it t ,  i I — 11 — —

As al t , .-h - t . I i n  ( I • t n  t hi’ ~~.t i  t i~ - s t I  at t a s i ’ ‘I a I I x e l mesh w, - i t t i ,  i~
h i 4 l  

= h” — hi

t i t i ti — ti = s~ , I i  a l l  i hen~ • ‘~ the relat tim (I. i l  v t . ’ l t -  I h , t 
~~I 5 . i t - a l i i  i n k —

A ht ’1itih ;ss- ~
- ,.,,. I it l ntt,st’ t- i ~a I ex( tt rlmt’nt ii , a~ w. 11 is  ) - I i t  1 c,4 I t~im (ut at i t ’i iS i i
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• - v. I ‘~~t
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1 s i  I;, i~~~~~.t~~~~ t ~~ thod w i t  hi ot hi, , met hotis which li w,’ h , , u  t i~ b led ~~~ u I s e  t tm

- .tifl t )~~~~~t f  I m .

- - ~~~~~~~~~~~~~~~~

-- -- . -

~~~

-

~

- - -- - - 
~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1



2 )  -~~~\)i i t I ¶ \
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- ii 2 t l / .~— . i l )

hi I - f ’

fu~ ~,iiv I i t  t i , - t i  I. - :  t ried at I bit -  nit - i t -  I~ I t i  A - - . A~ 
- — t  ~ i l l  ‘ -

ii r t * 1
Ii — t  — t  -

‘ 1 . ., ~~~ 2 .

-t t

ii n n . l
Ii \ m i n ( h  , h - t I~~ t . t . i  i~

h i s  aj y - - t t v. - - - - i ~~tant . 1h.n~~ th. x i ~ .t ’ , t h r . __cons t an ts . . ati~~~~~~~

wti t~~~ ~Iwt ~enJ t i i f  o t t  - - ..i;tI \ su..’h that:

- 

i )  ‘~h I i ’. re t tj ~i i i  xi t P
h

i ~~~~~1 t s  S Uflk4Ue St - u~~
i I t 1

i t i I t t ,  t~~l low cnq e st im a te ’  ht ’lis

n ii n — i
- ‘  n -~ 2 ~ t s 1 , • 5 t  v.1 v v , .’

• ‘ 1 % Ii ~ C ~ U - 1 C ( ~ 4 t  — 
h ’ ‘

st= i~

f - i  a l l  n

~~ - t~t au- - t  of . i s s l i ml-t  i t ’ l l  ( 2 . 1 )  • the - t inj i t i s ~n i s  aut jma t t~ - .a1 I v  ..it  151

- i  -~ t i i i (  A enough.

I ! t t I  - t t t i  : . i i ! i~ A s  i t s - , we w i l l  ‘m i t  t h e’ subscr ip t  h i n  t he  . X ) i t ’ S 5 i t~~fl of  t I m  I i ’ - .

norm ! J .

F ir St , we w ri te two i n. ’- A ; l % l i t  ccx whit cli w i l l  b. useful latel . h 4 \ ) s t h, s, . ( 1 . 4 1  .e -~

1 . 51  iM ~~lv

2 .  1) h ’° I - hi t’ ck
t1

m t n ’  hi
t4

, h
T i l ) , w ith • 2c , i

i i  t s (  Pi, ’ -~e, (1.4) , (1. It~ ) and 1.’. 1) i mi- i v

i i • l  i i  - n n + 1
— 

~
- m t n ( h  , h ~~, (~‘i a l l  t

with .- ‘ -

Not e t h a t  .i ‘s’nti l  t ion s i m i  lar -  t o  I .~ . 
1) has be.n used by l.e, ; .i m t and R a y  i i i  4
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+ u .~~~)(h

’u . + hn U ?i l ) +

+ / ~x~~
1 

— 5”) (ut’ + u’~~~) (h
”” 1u’

~ +
2 i ’.

i 
1 1 1 11- 1 1+1

But

+ h
n
U~~~ = ~ (h ” + hit’ 1

) ( u ” + ut’
~~~ ) — I (h~~~ - ht’)(u~~~ - u~~)

3 3 2 i 2
and

nil it nil ri nil n(x . — me ) - ( me . - me . )  = h - hiiil 1+ 1 1. 1.

Hence , we can wri te

A
2 

— - ~~ (h ”~~ — h
n
)(h~ + h~~~

1
) Z (u i’ + u?’~~)(u

”
1 

+ ~~~~~~ +

+ ~~‘ (h ”~~ — h”) 
~~ 

(X
~~:~~ 

— x”
1
) (u ”

÷1 
+ Ut’

~~~ ) (u”~
1 

- u~~) +

1 nil n ~~~~~ nil n n nil nil n
- — (hi - h ) L (me . — x .)(u . + u . )(u — u
4 - 1 1 1. 1 ii] iii.

Applying (2.6) and the inequality

nil n nil n f l f l n i l
lh - h I lx i - x~ ) < cc ’k h hi

which follows from (2.3) and (2.4), we get

2.8) IA 2 1 (~~~ Ck%%~~
1
~2 :~: 

Iu~ 
+ u~
”1I u~~1 + u”~ I +

n nil n+l n 
1-4 

n nil nil n+ c 
~ 

U~~ 1 
i u~~ 1 

u~ — u~ + c ’ L ~~ + u~ u.~~1 
—

i l  i l

Apply the inequality

(a
1 

+ a
2
)(a

3 
+ 5

4
) < Z (~~~)2 for all real rnsiters a

j
.

We get

+ u~~~I ~~~ 
+ u~~~I ~~ 2(1  - 1) (Ilu ~ II2 + IIu~~Il 2 ,
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3. 2) ~~~~~~ = kt’(h 5 
+ h~~~~) ( ~~~ - 

a 2
~~~~~~

2 
+

1

2 n+l/2  2 n+l/2 2 n+l/2
+ a (-~—~-J + a (_~_L.) + a iii) +20 2 ii aXat  i 02 1  21. at 1

a 3 n+1/2 n+1/2
+ a

30
(—~ ) 

- 
+ • . .  + a0~(—~) +

ax i at 1

+ terms of order 4, with

a — - ~~ (h t’
~~ - ht’) ( ( dt’) 2 

+ ( 1-i t’)
2 

+ (h t’
~
1) 2 )20 2 1

a = - I (h t”
~
1 

- ht’)d~ k t’
11 2

a02 = 0

a — .~
!_ (hi” + ht’

~~~) ( 5 ( h” ) 2 
— 8h%t’~~ + 5(h ”

~~~) 2 
— (d?) 2 )d? - ~~ (h ”~~ - h” )d~ k”

30 12 1 i 2

a21 = — 
ç 

[-~ 
(hi t’ + ht’

~~ ) (d?) 2 
+ ~~‘ (h t’

~~ — ht’) 2 (h ” + hit’~
’1

) + (hit”1 
- h”}k”] ,

a12 = 0

a03 = (hi” + ht’~~)(k
”)3 -

Apply the inequalities

3. 3) h ”4’ — h’1
1 <~~~ ck

t’th” + hit’4’)

3.4) ld~ l < c0k” < & (hi t’ + ht’4’)

which follow from ( 2 . 3 ) , ( 1.5) and ( 2 . 1) .  Then , each of the coefficients of (3.2)

satisfies

la1~8l < C’k” (h” ‘I. h”4’) ( (hi)2 
+ (k) 2 )

where C is a positive constant which depends on c,c’ and c~ , for 0 < a < 3,

0 < 8 < 3, a + 8 — 2 or 3. The coefficients of the terms of order 4 are of degree 4 in

h”, h”4’ and k14 
and satisfy the same estimate (for which (2.3) is not even needed).

n n  n+1
— Hence, after dividing (3.2) by k (hi + h ) ,  we get (3.1) and the lemma is proved.

Rema rk : A Taylor expansion at the point — (him?? + h”4’P~~
”1) f ( h” 4 1I”4’) is more

complicated and does not give a better estimate for the truncation error.
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~ 1
!m , , C’ .‘

i _ Ct I I  — - ‘ C ’ I i 5 5 ‘ I l l  + 1. ) A l i t  - 
_ , I ’  - I (I - t  

-
- I 1.rn- 4

w f m , i *  t.’ i s  ~e coi; s t . i t m t w t c h - ) i j ’ m t - t - o U  
~~~~ 

. 111 th  ~~.

it ii it + 1~ C’ n + I - —
- c t  t ~~~ ,~ — U — it, . We li ii ’ ( I  mt, ) - — I , (Lu)  - = I

- hi 11 ‘hi lt i i i i

(I • (I. u)~
’ — — ( ( 1  ci) — ( l t u ) ~~~~

t 2 ) — ( f
l i  

- 
~~ii 4  i t ’

) — 
It

h h m t hi i c t m t

‘I y i t l ’t  1emm~is L 1 and I . 2 and the i ne qu a l i t y

t j  C’ Max juj . h ot  It — I is - h C’ •t~.’ - , R —  m , ”, R
.* t m t t)

W i t  - - f t  f ø l l o w~ I t  , , nm (1. 1)) , we ‘n’t

I I I h t h  M1ix ~- C~~(h ” k )  M,ix ui ~ . ‘

1’ c ’  I — i  2’rn’4 
In,

w i th — H * Is ’ 
- * Then , we ap p l y  Theorem .‘.l to the funct ton and we get

n
n 2 n - vt .  v 2

te h I~h 
l ’t e’ Max Ih h llh

O \ ’ ’ n —  1

i t  iii which t t m ,’  , i . ; t  i mo t  p ( l i i )  ‘h the theorem follow:; tlt once.

Remark 3.1

The condition that all straight segments (P~
P?”1 ) must be contained i n R , for

I I ‘- I — 1 and ~~~~ T, is satisfied even if the boundary of ~ admits  —

n n n il
re—en trant ‘‘litters provided k (hi + hi )/c

0
.

Remark 3.2: Un iform convergence and approximation o the derivative .

We have

Max (
~~l 

e~~
2
)’12 - ~~ f ~~~~~~ 0(h 3

~~~) ,  (slim, -,’ k ‘~ ‘(h)l .

l ci ’-I-b i 1

which implies uniform convergence of U
h 

to u. Moreover

- u? 
— 

u ’?
1) - 

u(P?) 
+ O(h1”2) - ~hj 

(p
11 ) + 0 ( h 1

~~~ ) •
I-it’ hit’ 

ax i

which implies the uniform converaence of ;c
X
u
h 

to

-4

— 1 2—

—-  --~~~~~-- — - -7 -: ~~~~~~~~~~~~~~~~~~ ~~~~~~
:
~~~~~~~~~- 
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rhe se results are not optimal: the numerical experiments of ( I I  b , a v t -  shown

~~adratic uniform convergence of u~ and second order approximation of ~~ (p fl
) by

n 1 1 n n n n n( D u ) ,  — — ( — ( u , - u .) - (u , - 2u + u . ) )hi 1 hit’ 2 1+2 i 1+2 1+1 x

This approximation of 
~~~ 

was used to compute the free boundary of the Stefan problem

with second order accuracy.

Remark 3.3

The foregoing results can easily be extended to the partial differential operator

Lu = — — — (a(ic , t) —)at ax ax

where a(x,t) is a given function of x and t.

—13—



4 )  uu 1 IMINTS

t A t  ii~~~t. t hit- pub) teat ion of Il l  , i t t  lie i si -bte mt . s have been j ’ t t i j  ii ‘s. d I ot the nIllier 1 ‘a I

siilut con of the heat , sl I l . t t i ’ s  on a variable mesh.

The scheme of Mon 112) 1 1 3 1  ci very closely related to the scheme of ~l 1; both

schemes relate the value s of the approximation u
1 

at the six mesh-points

~~~~
-

~~~
‘ ~~~ •~ 

~~~~~~ Pt ’
~~ and but , the coefficients if the equations are

different (compare equation I.”)) of 111 wit h I’il udtt ,Ift ( 1 . 3 )  of fi)) with 0 — 1 / 2 ) ;

both schemes reduce to the C r a n k - Ni c ol so n scheme in this part ceular case of a rectan-

gular mesh. The scheme ,m t Mon ts tlertve’ti from the alililicat ion of the’ generalized

salt.ikin method using t ime-dependent basis functions as in Miq not ( I ll ,  whereas our

scheme is derived from trapezoidal f i n i t e  elements in space and time . Mon i r ~ ve’s

the stability and the convergence of his scheme in the maximum norm under a severe

condition of the form k ‘ C ( h t’) 2 , where C is a certain constant , C’ 1; under

this condition , the scheme is of positive type and the maximum princip le i s  valtd;

the proof is completed for the Stefan problem, including the computation of the free

boundary, in the case of one phase 113) and In the case of two phases 1141. Let us

remark that the same analysis can be applied to our scheme , since it is also of positive

type under the same condition as above, just like the Ci-ank—Nicolson scheme. However,

this condition is too severe and is not satisfied in practical computations.

Another closely related scheme has been proposed and experimented by Miller ,

Morton and Baines (101. This scheme is derived from the Galerkin method with time-

dependent basis functions 
~i

(x ,t)
~ 

just like the scheme of Mon t but, at each time

step, the test functions, say 4 ,  are different from the basis functions and

independent of the time ; more precisely, 91
(x ,t) — ~1

(x ,t~4’), for tn < t tt’4’.

An integration with respect to both variables x and t is per formed in the strip

< t < t~
”1 , as in Ill . No mathematical analysis of the method has been given,

A general class of numerical methods using finite elements of arbitrary shape

in space and time has been proposed by the author 151 161. These methods differ from

the previous ones by the property that the approximations admi t a discontinuity with

— 14—
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h i _ t v ’ - h i - s m; - I  ; t t h t . ’ ti by L,’s.i t n t  an Si R av i ar t ) i h ~ .unii 1.esaint (H) - ‘flit’ ; i t I t t t i l t I l i  ,0 I li , ’ -, ’
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4 . 1 )
‘i t

- v — 0
- ‘S

In  ( + ) ,  t t l  1 l I ) c t i t  ion methods are 1’’ i * lt l i O ’ t l I , ’ t  the ntane r ical  solution of (4 .  1 1 ;  the

st  it -  c i i  ty i t t I - o i i V . ’ ti ; i ’  u s e  of these met ho is i i , ’  proved under the too stringent condition

i t s  t h i c  domain should be expanding , i .e . s
1
(t) should be a non—Increasing funct ion

a m i d  , , t )  should be .i non-decreasing f u n c t i o n ,  which excludes the applicat ion t o  the

m u l t i - i  h iS.’ Stt- .fan problem .

The method, studied in (8)  are ba*ied on an integrat ion in the whole s t r ip

~ t~
4 1 as in I I ) ,  151, 16 1, 1101 . The funct ions u and v are approximated

b A Y ’ f unction s u.~ and vh
. It u s possible to choose Vh 

- l%/~ xt then , the com es-

j - . , , t 1t r t ~~ me thosim * an, analogous to the methods t i t  I I )  or I’,) accordinq to whether the

functl-*n is  coittu nuou s or diecont intK ,us across the lines ~ — ~
n. But, ~

. ‘i possible  to choose Vh 
different frost ~u.~/ax~ which yields methods which are
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I-’ inal lv, 1e’ t ti~ Intu it  ton that l b . . - me t hod ;t t  ( 1 )  h~ s h t i - e m ,  . t x t  , ‘ i ,  i* t i  I - t T b - , -  l w

i t I t i , t , , .  i m . ~l :;tr’ fau m probLem (2), to -y ~.t ems o f non— I imtsat hypet-ts 1 1 S t ’  l i l t  i t t ; , -  w i t h

-i l - I -I c c_ t t  s ’ t m  i t  I l u t t i  dynamics [1) . i t m d  I t  I t , ’ I ’ I , - m ’ i , -  t I  I-teat - t t l  1 , 1 - t i n w i t h  . - t I l ’ t . - I t , ’ i ,

tt i -t

-If.-

- --
- - I 



F-- - —‘- —

REFERENCEt-:

) 1 1  h~. h t , t i r i t - r t , t  and p, Jamet, A second order f jm, it i - , - 1 ’ - r i u i  I t ’ n i  I !. - - t f ’ ~ t t  —

- t SIIt - t r i - , m l O I  .- ; t i - t u n  probl em , I n t e r n a t .  J. Ni,gne r- . M t - t b , t 1 - i  f A t ; , ,  m (I ‘7 4 ) .

“1 1— 520 .

2 )  
__________

, N umerical computation of the free boundary for  t b ’ -  I’S ,- h i r i ’ - r m - i O t ~~ i !

-t ’~t,ir , problem by space—time finite elements, J. Computational Ph’js., 2~ ( 1977)

pp. 163-181,

31 
_____________, A third order accut ate d i scon t inuous  fin itt - t l ” rn t ’r m t method fr ~ r ti

one-di mensional Stefan problem , 3. Computational Phys. ,  to appea r.

( 4 )  
______________

, N umerical computation of appearing and disappearing phases in  tb’

one-dimensional m u lt i phase Stef an problem , to appear.

15) P. Jamet , Esti mations d’ erneur pour l’approximation de l ’~~quation de la chaleur

dans un domaine variable par des m~thodes d’~~l~ments f in i s  espace—tentp s, iournées

~1~ ments f i n i s , Ren nes , (1977).

161 
_______________, Galerkin—type approximations which are discontinuous in time for

parabolic equations in a variable domain , SIAM J. Nimier. Anal., 15 (1978),

pp. 912—928.

( 7 )  P . Jame t and R. Bonnerot , Numerical solution of the Eulerian equations of compres-

sible flow by a f in i t e  element method which follows the free boundary and the

interfaces, J. Computational Phys.,  18 ( 1975), pp. 21—45.

( 8)  P Lesaint , Equation de la chaleur en mailles variables, Journ~es ~l~ments finis ,

Rennes , ( 1978).

191 P. Lesaint and P. -A. Raviart , Finite element collocation methods for first order

systems, Math. Cotnp., to appear.

(10) 3. V. Miller ,  IC W. Morton and M . 3. Baines , A finite element moving boundary

computation with an adaptive mesh, 3. Inst. Math. Applics., 22 (1978) pp. 4 67 —47 7 .

(11) A. L. Mignot, Méthodes d’approximation des solutions de certains problèmes aux

limites 1in~aires, Rend. Sem. Mat, Univ. Padova, XL (1968).

— 17—

A - - - - 



(12’ M. M& .i i , h, t i t ; i T ~~ , ‘ f , ’ rs’m ; I m,.th’.tJ f i  5 ,t l v i n q  sk~vttig bounilaty I . I s , 1t 1, _m ,, , t I’ i h’ w t ’l k ut t i i

- .‘n t  .‘ i n  - t’ on i*.s.ie L I t  nil - - I environment at ‘.y ~.t tuni s . Tokyo I l~ 
t q ,  

• pp - I t -  —

I L  I __________________ - — —— , - - I ‘.1. t f i t s  attit onve I ‘i”fl~’ .’ - ‘ I a finite e lement  method 1, -I  110 l v i  i t - i

the St.fan pt ’. ’hlem, l ul- 1. s, - - . t m m st  • Mat hi . Scu , I(y~’t o I n  l v .  • 1: 1 l I  ‘i - b

h P  ~

H 4 1  ~~~~~~~~~~~~~~~~~~~~~~~~~ A f i nite element method to t  scl”ing the two-phase St e f an  Prob lem

in on. space dimension , Publ ,  Res. Inst. M a t h ,  S ci . ,  Kyoto Univ., 13 ( l ’ ) ’ ’ b

pp. ‘:~~~- ‘‘~3.

I I”) I V a t o * I I U  and W , I’ . I. I’ itmt i , b’ tn i te elements t n t O t h S s l , it  Ing charactetist t i - s It ,!

,‘ne—dim.nsiona l ,iu f fus uon— 1-onvt’c t ion equat ion , ,~. (‘ot~~utat uonal Phys u i -s , i i ’ apI’eat

P.1 •ii 

-t a -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ - — ---- —‘-- — ~~~~~~~~ “- — ‘~~~



~~~~~

— ---

fCLAS S1F I C A I t .. 0~ ‘ . , S P A  . t  Iii,,,, List. FnC.,.d-

REPORT DOCUMENTATION PAGE BEF C O M I • I ~~~~~ukM 

—

~~~~~~~ i’.JMBER . . t lV i  ACCESSIO N NO, 3 - REcI PIEN1” S C A T  A L O  NUMB ER

985 1 _________________________
T I T L E  and S~bt4jl.J •~~

_ • - — - -— -  -— 5 TYPE OF REPORT S PERIOD COVERED

~~ ABI L ITY AN D~~~)NVE RGENCE OF’ A GENERALIZED 
Summary  Report - no speci fi c

~3 ~~~ .ANK-~j ICOLSO~~~~~’HEM E ON A VAR ~~~~LE MESH FOR reportin g period

~~~~ H~~~~ EOUAT~~~~ 
6 PERFORMING OR G. R EPORT NuMBER

- -~~~~~ _ _ _ _ _ _ _ _ _ _ _

L A & TIiO~~~-J ~ -- - — - - -~~ 8 C O N T R A C T  OR G R A N T  NUMBER(S)

~~~~~~~Pxerre~~~~met /
’ 

‘ 

2 DMG29-75-C-
/~~24

B. PERFORMING O R G A N i Z A T i O N  NAM E AND ADDRESS 10. PROGRAM ELEMENT PROJECT , TASK

M a t h e m a t i c s  Research Center , Univers i ty  of A R E A S  CORK UNIT NUMBERS

nl O W~t ln u t Street Wisconsin Work Uni t  N umber 7 -

Numerical Analysis
Madison , Wisconsin ~37O6 ____________________________

I CoNT~tOLLI$i G OFF ICE N A M E  AND ADDRESS

U. S. Army Research Office Aug.....*1 79 “
P . O . Box l2Zll
Research Triangle Park.  North Carolina ~77O9 18

TT~~MO N IT O R t N G  ir.E’4Cy N A M E  & *DDRESS(tl diUerent from ConftoflSn~ Offic.) IS. SECURITY CLASS , (of till. report)

~~~~~~~~~~~ 5 UNCLASSIFIED
);~ / — IS., OECLA SSI FICAT ION ’DOWNGRA D IN G

- - - ,,_ - - - - — SCH E D U L E

IS. DISYR BUTi ON S TATEMENT (of this Report)

Appro ved for public release; distribution unl imi ted .  ~t

I RUT1O N ST A TEMENI (at t?i • .b.ttact entered Sn Block 20, II different tram Report)

Teeh~teal su ary rept ,,

it ‘ ;l ’p , E M E N T A R Y NOTE S - -

fj~) ~~C~?SR...19SS

17 SY CORDS iCi’ntlnue °~ ‘.rc ,.. aid. H n.c..aar v end IdentSF~.’ ~~ ‘ block nimi bir)

;i c’1it equation , Moving boundary , Variable mesh , Finite elements,
S tab i l i ty ,  Convergence, Error estimate

2 .  A iTh~~~~1 ACT  ‘Co,,Iinu. on rave,.. side If necessary end Sd•nhlty by bløck number)

In a previous paper devoted to the numerical solution of the Stefan
c-rublem, the author has proposed a numerical scheme to solve the heat equation
- ri  -j variable mesh; this scheme is a generalization of the classical Crank—
‘1 - c)ison scheme since it is identical to the Crank—Nicolson scheme in the

:‘ rtis’ ,l ar case of a fixed mesh. Numerical experiements have been performed
.~ ii . in ~J two space-dimensions , but no mathematical results had been proved.

th&: present paper, the stability and convergence of the scheme are estab—
- ~

. -i~~o tt~qether with an error estimate.

LiC. ~~~~ 1473 r.O,TiOP4 OF I NOV 85 15 OBSO L E T E  UNCLASSI FIED 
~~~~~~~~ ~i.. .~~~ ~~~~ O

s CURIT’! CLA SSIFICATI oN OF THiS PAGE (B8ien Data Anle,.d) S


